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CUTPOINTS OF INVARIANT SUBCONTINUA OF
POLYNOMIAL JULIA SETS
ALEXANDER BLOKH, LEX OVERSTEEGEN, AND VLADLEN TIMORIN
Abstract. We prove fixed point results for branched covering
maps f of the plane. For complex polynomials P with Julia set JP
these imply that periodic cutpoints of some invariant subcontinua
of JP are also cutpoints of JP . We deduce that, under certain
assumptions on invariant subcontinua Q of JP , every Riemann
ray to Q landing at a periodic repelling/parabolic point x ∈ Q is
isotopic to a Riemann ray to JP relative to Q.
1. Introduction
The plane fixed point problem is a central problem in continuum
theory. While solving it in full generality is still elusive, advances have
been recently made in certain cases [BFMOT13]. In particular, by
[BFMOT13], for positively oriented branched covering maps of the plane
the existence of a fixed point with specific properties can be established
even inside non-invariant continua (provided specific conditions hold).
In this paper we use tools from [BFMOT13], prove new fixed point
results in the same spirit, and use them to tackle some topological
problems of polynomial dynamics.
Standing notation throughout the paper. Write C for the plane
of complex numbers, Ĉ for the Riemann sphere, D = {z ∈ C : |z| < 1}
for the open unit disk centered at the origin, D = {z ∈ C : |z| 6 1}
for the corresponding closed disk (more generally, A will refer to the
closure of A ⊂ C), and S1 = {z ∈ C : |z| = 1} for the unit circle. Fix
a polynomial P of degree deg(P ) > 1 with connected Julia set JP = J
and filled Julia set KP = K (if it does not cause ambiguity, we do not
refer to P in our notation). We always assume that the term zdeg(P )
has coefficient 1 in P (z), where deg(P ) is the degree of P (this can be
achieved by a coordinate change of the form z 7→ λz). The boundary
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of a set E is denoted by Bd(E). Given a compact set Q ⊂ C, denote by
U∞(Q) the unbounded complementary domain of Q and by Th(Q) the
set C \ U∞(Q) called the topological hull of Q. Given a continuum Q,
consider the topological disk Ĉ \ Th(Q) and a conformal isomorphism
between this disk and Ĉ\D. We will always assume that the conformal
isomorphism takes ∞ to ∞ and has real positive derivative at ∞. We
refer to such an isomorphism as the Riemann map for Ĉ \Th(Q). The
images under the Riemann map of straight radial rays connecting S1
with ∞ are called Q-rays.
In the Introduction we assume knowledge of complex dynamics and
give preliminary versions of our main results; later we make more de-
tailed statements.
We use continuum theory to address topological issues concerning
periodic cutpoints of the Julia set and its subcontinua. Let f : X → X
be a continuous map of a locally compact metric space (X, d) to itself.
Call an f -fixed point x weakly repelling in the sense of the metric d if,
for an open neighborhood U of x, the restriction f |U is a homeomor-
phism, and d(f(y), x) > d(y, x) for any y ∈ U, y 6= x. Now, let X be
a topological space, x ∈ X be a point, and f : X → X be a contin-
uous map. The point x is weakly repelling if it is weakly repelling in
the sense of some metric on X that induces the given topology. The
orbit of any point y ∈ U, y 6= x escapes any compact subset of U . In-
deed, otherwise the sequence of distances d(x, fn(y)) is increasing and
bounded for some y 6= x. This implies that for any limit point z of the
orbit of y we have, by continuity, d(x, z) = d(x, f(z)), a contradiction.
Let us call this property the escaping property at x (in U). Thus, there
are no fixed points of f in U except for x.
Set R+ = {x ∈ R, x > 0}. If ψ : R+ → C is an embedding, call
T = ψ(R+) a (topological) ray. If also limt→∞ ψ(t) = ∞, say that T is
a ray from infinity. If Q is a full continuum or the boundary of a full
continuum, Q-rays are rays from infinity. If limt→0 ψ(t) = y /∈ T , say
that T lands at y. A ray R is (f -)invariant if f(R) ⊃ R; if R is a ray
from infinity, call R (f -)invariant if f(R) = R. Consider a positively
oriented branched covering map f : C → C and an f -invariant ray
T landing at a fixed point y. If y is weakly repelling, then, for some
r and any s ∈ (0, r), the point ψ(s) is mapped to ψ(s′) with s′ > s.
(In this case, we say that points of T move away from y.) Otherwise
the absence of fixed points of f close to x implies that for all small s
the point ψ(s) is mapped to ψ(s′) with s′ < s which contradicts the
escaping property at x.
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Definition 1.1. Suppose that f : C → C is a positively oriented
branched covering map, X ⊂ C is a full continuum, and x ∈ X is an
f -fixed point such that, for some neighborhood U of x, we have that
f |U is a homeomorphism and f(U ∩ X) ⊂ X . Then x is called non-
rotational for X if there exists an invariant topological ray T ⊂ C \X
that lands at x such that points of T sufficiently close to x move away
from x. If such ray T does not exist, then a fixed point x is called
rotational for X .
Examples of rotational fixed points are points contained in the in-
terior of X , or points in the boundary of X but not accessible, or
accessible points x at which no invariant topological ray lands such
that its points close to x move away from x along the ray (accessible
always means accessible from U∞(X)).
We do not talk of (non-)rotational fixed points x in the absence
of the continuum X as then the definitions are too inclusive: if d is
a metric on C defining the usual topology, if x is a fixed point at
which f : C → C is a homeomorphism, and if, for some λ > 1, we
have d(x, f(y)) > λd(x, y), then we can always construct an invariant
topological ray landing at x. Indeed, choose a small open disk D0
around x such that a pullback D1 of D0 is compactly contained in D0.
Choose a topological arc I1 in D0 \D1 connecting a point y1 ∈ Bd(D1)
with y0 = f(y1) ∈ Bd(D0) but otherwise lying in D0 \D1. Consider a
pullback I2 of I1 connecting y1 with y2, a pullback of I2 connecting y2
with y3, etc. The countable union of these iterated pullbacks of I1 is
an invariant topological ray landing at x.
Assume that KP is connected. A periodic repelling/parabolic point
x of P is said to be regular ; a point eventually mapped to a regular
periodic point is called a regular (pre)periodic point. The Riemann
map ϕ : Ĉ \ KP → Ĉ \ D conjugates P |C\KP with the restriction of
z 7→ zdeg(P ) to C \ D.
Lemma 1.2. A fixed point x ∈ KP is non-rotational for KP if and only
if there exists an invariant KP -ray landing at x (hence x is regular).
Thus, a fixed point x ∈ K is rotational if it is either non-regular (i.e.,
attracting, Cremer or Siegel) or regular with non-zero combinatorial
rotation number at x.
Proof. If there is an invariant KP -ray landing at x, then x is non-
rotational for KP . If now x is non-rotational for KP , then x ∈ J =
Bd(KP ) is accessible from C \ KP , and an invariant topological ray
R ⊂ C \KP lands at x. Let ψ : Ĉ \D→ Ĉ \KP be the Riemann map.
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The topological ray ψ−1(R) lands at a point e2piiθ ∈ S1. Then dθ = θ
modulo 1, and the KP -ray of argument θ lands at x. 
We will need the existence of a rotational fixed point of a positively
oriented branched covering map in continua with specific dynamical
properties (such as invariant full continua, but also some non-invariant
continua). Loosely, we consider non-invariant continua Q whose images
can only “grow” outside of themselves at so-called exit continua E1,
E2, . . . , Ek; moreover, exit continua are either fixed points or they are
mapped so that their images are located on the same side of the exit
continua as the continuum Q. Under these assumptions we prove in
Theorem 2.13 the existence of a rotational fixed point in Q; the proof
relies upon [BFMOT13]. Since the precise definitions and theorem itself
have technical nature, we content ourselves with the above description
and refer the reader to Section 2 where all the details, including the
precise statement and proof of Theorem 2.13 can be found. Here in
the Introduction we only state an important particular case of this
theorem.
Let Q be a continuum. A point x ∈ Q is a cutpoint of Q of order n
if Q \ {x} has exactly n components. Suppose that either Q is full, or
Q = Bd(Th(Q)); then by Theorem 6.6 of [McM94], if x is a cutpoint
of Q of order n, then the number of Q-rays landing at x is exactly n.
More standing notation. In what follows Q ⊂ J is an invariant
continuum.
Main Theorem. Let x ∈ K be a regular periodic point of period l
such that K-rays to x form m wedges Wi, where 1 6 i 6 m. Moreover,
suppose that x ∈ Q is of order n. Then n 6 m, each wedge Wi inter-
sects Q over a connected (possibly empty) set, and every Q-ray to x is
isotopic rel. Q to a K-ray that lands at x.
2. Rotational fixed points in non-invariant continua
By a continuum we mean a compact and connected metric space and
by a full continuum X in the plane C we mean a continuum X ⊂ C
such that C \X is connected. A famous theorem by Brouwer [Bro11]
states that every continuous map from a disk to itself has a fixed point
(this property is called the fixed point property). This result motivated
the following long-standing problem in topology.
Plane Fixed Point Problem [Ste35]. Does a continuous map of a
full plane continuum to itself always have a fixed point?
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Even though this problem is not solved yet, a significant progress has
been made. By [BFMOT13], full plane continua do have the fixed point
property for a restricted class of maps: all positively oriented branched
covering maps of the plane (see Definition 2.3.3 in [BFMOT13]). Evi-
dently, every map f : [a, b] → R so that f(a) > a and f(b) < b has a
fixed point (even though the interval [a, b] is not required to map into
itself). It was shown in [BFMOT13] that similar results hold for full
plane continua under a positively oriented branched covering map of
the plane. We will extend these results in this section. We will also
provide, in certain cases, more information about the local behavior of
the map near the fixed point.
2.1. An overview of some continuum theory results. Crucial
tools in our study come from continuum theory. Thus, we begin with
a short overview of the main concepts that we need.
Definition 2.1 (Principal set). Given an X-ray RX(α) to a full contin-
uum X , denote by PrX(α) the set RX(α) \RX(α) and call it the prin-
cipal set of the ray RX(α). If PrX(α) is a point y, then RX(α) lands at
y. More generally, let E ⊂ U∞(X) be the image of R+ = (0,∞) under
a continuous and one-to-one map ψ : R+ → C with limt→∞ |ψ(t)| =∞
while ∅ 6= E \ E ⊂ X . Then say that E = ψ(R+) accumulates in X ,
denote E \E by PrX(E) and call it the principal set of the curve E. If
PrX(E) is a single point y, then we say that the curve E lands at y.
The set Pr(E) is independent of the choice of the parametrization
ψ (as long as ψ is subject to the above mentioned assumptions, in
particular, limt→∞ ψ(t) =∞).
Definition 2.2 (Crosscuts). A crosscut C of X is an open arc C ⊂
U∞(X) whose closure is a closed arc with two distinct endpoints both
of which belong to X . A fundamental chain {Ci} (of crosscuts) is a
sequence of crosscuts Ci of X such that:
(1) Ci ∩ Cj = ∅ if i 6= j,
(2) for all i the crosscut Ci separates Ci+1 from infinity in U∞(X),
and
(3) lim diam(Ci) = 0.
For each crosscut C of X its shadow SC is the closure of the bounded
complementary domain of U∞(X) \ C.
Let ϕX : U∞(D) → U∞(X) be a conformal isomorphism. Note that
every fundamental chain {Ci} corresponds to a unique point e
2piiα ∈ S1
defined as lim(ϕX)
−1(Ci); in this case we say that {Ci} is a fundamental
chain for α ∈ R/Z.
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Definition 2.3 (Impressions). The (X-)impression ImpX(α) is defined
as ImpX(α) =
⋂
SCi , where {Ci} is a fundamental chain for α.
Evidently, PrX(α) and ImpX(α) are continua, PrX(α) ⊂ ImpX(α),
and ImpX(α) is independent of the choice of the fundamental chain for
α. Moreover, even though
⋃
α PrX(α) can be a proper subset of Bd(X),
we always have
⋃
α ImpX(α) = Bd(X).
We follow classical definitions of crosscuts, shadows, fundamental
chains and impressions that bypass X-rays. Equivalent definitions that
involve X-rays can be easily found in literature. E.g., the argument α
from above can be viewed as the argument of the X-ray whose impres-
sion is defined in Definition 2.3.
If K is a connected filled Julia set of a polynomial P , the Riemann
map for C \ K has also a dynamical meaning as it conjugates P |C\K
and z 7→ zd restricted to C \ D. Call a K-ray rational if has rational
argument.
Theorem 2.4 ([DH8485]). Each rationalK-ray lands; its landing point
is a periodic or preperiodic regular point. Conversely, each regular
periodic point is the landing point of a non-empty finite collection of
rational K-rays.
In [GM93], the authors consider the partition of the plane by all
invariant K-rays united with their landing points (by definition and
Lemma 1.2, these landing points are exactly all non-rotational P -fixed
points). Denote the union of all invariant K-rays and their landing
points by Σ. Let A1, . . . , Ak be components of C \ Σ.
Theorem 2.5 ([GM93]). Each set Ai contains either exactly one fixed
point wi (wi is rotational) or, otherwise, exactly one invariant parabolic
domain.
Denote the fixed point/parbolic domain from Theorem 2.5 by ai.
2.2. Main continuum theory result. We need a number of defini-
tions from [BFMOT13], some of which are fairly standard.
Let p : R → S1 be the covering map p(x) = e2piix. Let g : S1 → S1
be a continuous map. By the degree deg(g) of g we mean the number
G(1)− G(0), where G : R → R is a lift of the map g to the universal
covering space R of S1 (i.e., p ◦G = g ◦ p). It is well-known that deg(g)
is independent of the choice of the lift.
Let g : S1 → C be a continuous map and f : g(S1) → C be a fixed
point free continuous map. Define the map v : S1 → S1 by
v(t) =
f(g(t))− g(t)
|f(g(t))− g(t)|
.
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Define the index Ind(f, g) of f with respect to g, by Ind(f, g) = deg(v);
the index Ind(f, g) measures the net number of revolutions of the vector
f(g(t))− g(t) as t travels through the unit circle one revolution in the
positive direction. If S is a Jordan curve and f : S → C is a fixed
point free map, we can define Ind(f, S) by using any positively oriented
homeomorphic parameterization g of S by S1 as in this case the index
does not depend on g. If x is a point, S is the boundary of a Jordan disk
D around x, and F : D → C is a positively oriented homeomorphism
such that F (x) = x and F (S) is disjoint from D, then it is easy to see
that Ind(F, S) = 1. If x above is a unique fixed point in D, then for
all small Jordan disks D′ ⊂ D with fixed point free boundaries S ′ we
have Ind(F, S ′) = 1 or 0 depending on whether x ∈ D′ or x ∈ D \D′.
We talk about a local index Ind(F, x) of F at x so that Ind(F, x) = 1
in the case just described.
In Definition 2.6 we combine Definition 7.4.5 and Lemma 7.4.9 from
[BFMOT13] and define a type of fixed points to which our results will
be applied.
Definition 2.6. Suppose that f is a positively oriented map of the
plane to itself, X ⊂ C is a full continuum and p ∈ Bd(X) is a fixed
point of f such that:
(1) there exists a neighborhood U of p such that f |U is one-to-one
and f(U ∩X) ⊂ X ,
(2) there exists a ray R ⊂ C \X from infinity to p such that R =
R ∪ p, and points of R move away from p along R;
(3) there exists a nested sequence of closed disks Dj ⊂ U with
boundaries Sj containing p in their interiors such that
⋂
Dj =
{p} and f(Sj \X) ∩Dj = ∅.
Then we say that f repels outside X at p in a narrow sense.
We also need to define a class of non-invariant continua to which the
results of [BFMOT13] apply.
Definition 2.7. Suppose that f : C → C is a positively oriented
branched covering map and X ⊂ C is a full continuum. Assume that
there exist n > 0 disjoint full continua Zi such that the following
properties hold:
(1) f(X) \X ⊂ ∪iZi;
(2) for all i, the intersection Zi ∩X = Ki is a full continuum;
(3) for all i, either Ki is a non-rotational weakly repelling fixed
point or f(Ki) ∩ Zi = ∅.
Then we say that f strongly scrambles the boundary (of X) and the
continua Ki are called exit continua (of X).
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If n = 0 in Definition 2.7, then X is invariant (i.e., f(X) ⊂ X).
Remark 2.8. Since Zi and Zi ∩ X = Ki 6= ∅ are full continua and
the sets Zi are pairwise disjoint, then X ∪ (
⋃
Zi) is a full continuum.
Loosely, strongly scrambling the boundary means that f(X) can only
“grow” off X within the sets Zi and through the sets Ki ⊂ X while
either Ki is a non-rotational fixed point, or the set Ki has an image
disjoint from Zi.
Theorem 2.9 (Theorem 7.4.7 [BFMOT13]). Suppose that f is a pos-
itively oriented branched covering map of the plane with only isolated
fixed points, X ⊂ C is a full continuum,and the following conditions
hold.
(1) Each fixed point p ∈ X belongs to the boundary of X, the index
Ind(f, p) at p equals 1, and f repels outside X at p in the narrow
sense.
(2) The map f strongly scrambles the boundary of X. Moreover, in
the notation from Definition 2.7, for each i, either f(Ki)∩Zi =
∅, or there exists a neighborhood Ui of Ki with f(Ui ∩X) ⊂ X.
Then X is a point.
Recall that we consider only metrics in C that generate the same
topology as the Euclidian metric.
Lemma 2.10. Let f : C→ C be a positively oriented branched cover-
ing; let x be a weakly repelling fixed point of f in the sense of a metric
d. For a small open d-disk D1 of radius ε centered at x with boundary
S1 take iterated pullbacks of D1 under the map f choosing the branch
of the inverse function that fixes x. Denote the n-th pullback of D1 by
Dn, and set Bd(Dn) = Sn; then, for every n, the set Dn is a Jordan
disk, and Dn+1 ⊂ Dn. Moreover, {x} = ∩Di.
In the above case we that the sequence {Dj} is a repelling sequence
for x.
Proof. We may assume that ε is small enough so that d(f(y), x) >
d(y, x) for all y ∈ D1 and f is one-to-one on D1. Since x is weakly
repelling and x is fixed, f(Bd(D1))∩D1 = ∅ and it is easy to see that
D1 ⊂ f(D1). Since f at x is a homeomorphism, Dn+1 ⊂ Dn. We claim
that {x} = ∩Di. Indeed let {x} $ ∩Di (observe that ∩Di = ∩Di).
Clearly, f(∩Di) = ∩Di. On the other hand, let δ = max{d(y, x) : y ∈
∩Di}. Then ∩Di is contained in the closed disk E of radius δ centered
at x, and some points of ∩Di belong to Bd(E). Since x is weakly
repelling, Bd(E) is mapped outside E which makes f(∩Di) = ∩Di
impossible, a contradiction. 
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Theorem 2.11 is well-known (see, e.g., Corollary 5.9 of [Nad92]).
Theorem 2.11 (Boundary Bumping Theorem). Let X be a contin-
uum, V a proper nonempty open subset of X, and F any component of
V . Then the closure of F must intersect the boundary of V .
Lemma 2.12. Let F be a component of Q \ {x}. Then F = F ∪ {x}
is a continuum.
Proof. By Theorem 2.11, the closure of F contains x. On the other
hand, F \ F cannot contain any other points. 
Theorem 2.13 follows from Theorem 2.9.
Theorem 2.13. Suppose that f is a positively oriented branched cover-
ing map of the plane with only isolated f -fixed points, Qf is an invariant
full continuum, and x1, . . . , xk ∈ Qf are some f -fixed points of f in
Qf . Let Mi ∋ xi be disjoint full continua such that xi /∈ f−1(Mi) \Mi
and X = Qf \
⋃
iMi 6= ∅. Suppose that all non-rotational f -fixed
points in X are weakly repelling and non-critical. If X ∩Mi = {xi} for
each i = 1, . . . , k, then X contains a rotational f -fixed point.
Proof. We may assume that x1, . . . , xk are non-rotational; otherwise
some xi is a desired rotational f -fixed point. Then xi are also non-
critical and weakly repelling by the assumption. One needs to verify
that all assumptions of Theorem 2.9 hold for X . Firstly, X is a con-
tinuum. Indeed, since each Mi contains only one point of X , namely,
xi, the set X is homeomorphic to the quotient of Qf obtained by col-
lapsing all Mi to points. The latter quotient space is connected as a
quotient of a connected space.
Any bounded complementary component V of X must be in M =⋃
iMi since Qf is full. Then Bd(V ) ⊂ X ∩M , a contradiction with
X ∩M = {x1, . . . , xk}. Therefore, X is full. If there is an f -fixed point
of f in the interior of X , then this point is rotational. Otherwise, all
f -fixed points in X are on the boundary, weakly repelling, and non-
critical. That is, assumption (1) of Theorem 2.9 holds. It remains to
verify assumption (2).
Let us show that f strongly scrambles the boundary of X . The exit
continua Ki of X will be {xi}; also, set Zi =Mi. By the assumptions,
f(X) \X ⊂M and Zi ∩X = Ki. It is also assumed that Ki is a non-
rotational weakly repelling f -fixed point. Thus f strongly scrambles
the boundary of X . Finally, we need to show that there exists a neigh-
borhood Ui of xi such that f(Ui ∩X) ⊂ X . Indeed, let Ui be a small
disk around xi so that f : Ui → f(Ui) is one-to-one and Ui ∩Mj = ∅
for j 6= i. Then f(Qf ∩ Ui \ M) ⊂ Qf \M since f(Qf) = Qf and
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x /∈ f−1(Mi) \Mi (the latter implies that points near xi but not in Mi
cannot be mapped to Mi). 
In the end of this section we state the following important result.
Theorem 2.14 (Theorem 6.6 [McM94]). Suppose x is a point in a
continuum Q such that Q\{x} has at least n > 1 connected components.
Then at least n external Q-rays land at x.
3. Invariant continua and their cutpoints
More standing notation. Let x ∈ Q be a regular fixed non-rotational
point of P . LetW be the wedge between K-rays R′, R′′ landing at x so
that the movement withinW from R′′ to R′ is in the clockwise direction
and there are no K-rays in W landing at x. Assume that Q∩W 6= ∅.
Observe that a point may be a cutpoint of a subcontinuum while not
being a cutpoint of a big continuum. E.g., if a continuum X is formed
by the graph of sin( 1
x
) on the segment (0, pi] and segment I connecting
points (0,−1) and (0, 1), then any non-endpoint x of I is a cutpoint of
I of order 2, but not a cutpoint of X .
Loosely, our purpose is to show that this is impossible if a subcon-
tinuum of the connected Julia set is invariant, and the point playing
the role of x is periodic regular. Simply put, we want to prove that a
regular periodic point which is not a cutpoint of J cannot be a cut-
point of finite order of an invariant subcontinuum of J . From now on
by “weakly repelling” we mean “weakly repelling in a metric d on the
plane compatible with the standard topology”.
Lemma 3.1 follows from the fact that branched covering maps of
the plane are open maps. It is a topological version of the Maximum
Modulus Principle; we leave its proof to the reader.
Lemma 3.1. If f : C → C is a branched covering map and E is
a continuum then f(Th(E)) = Th(f(E)). In particular, if E is f -
invariant then so is Th(E).
Corollary 3.2 follows from Theorems 2.5 and 2.13; the proof is left
to the reader.
Corollary 3.2. The intersection of Th(Q) with a complementary com-
ponent of the union of all P -invariant K-rays and their landing points
includes a unique rotational fixed point or, if there are no rotational
fixed points in the given component, a unique parabolic domain.
To apply some topological results, we need to modify the map P .
CUTPOINTS OF INVARIANT SUBCONTINUA OF POLYNOMIAL JULIA SETS11
Proposition 3.3. There exists a topological branched covering P̂ of
the sphere such that the following holds.
• The maps P̂ and P coincide outside of periodic parabolic do-
mains of P .
• For a periodic parabolic domain U of P of period n, all periodic
points of P̂ of period n in Bd(U) are weakly repelling.
• The map P̂ has a unique (super)attracting periodic point of pe-
riod n in any periodic parabolic domain U of P of period n.
The notation P̂ in the above sense will be used throughout the paper.
Proof. We will prove the proposition for invariant parabolic domains;
in the case of periodic parabolic domains the arguments are similar.
Suppose that there is only one invariant parabolic domain U of P (the
case of several domains is similar). Recall that by [RY08] the boundary
of U is a Jordan curve. Let ψ : D→ U be a homeomorphism. Consider
the map h : S1 → S1 given by h = ψ−1 ◦ P ◦ ψ.
We first prove that all fixed points of h are weakly repelling. Indeed,
let u be a fixed point of h; then x = ψ(u) is a fixed point of P . Let
P−1x be a local inverse of P near x, and W a repelling petal at x. Then
P−1x (W ) ⊂W , and P
−n
x (W ) converges to x (here P
−n
x is the nth iterate
of P−1x ). Set A = ψ
−1(W ∩ Bd(U)).
Then A contains a neighborhood of u in S1, we have h−1u (A) ⊂ A,
and h−nu (A) converges to u, where h
−1
u is a local inverse of h near u,
and h−nu is the nth iterate of it. It follows that u is weakly repelling in
S1.
Consider the map H : D→ D given by w 7→ |w|2h(w/|w|) for w 6= 0;
set H(0) = 0 by continuity. It is easy to see that all fixed points of h
in S1 are weakly repelling for H . Set P̂ = ψ ◦H ◦ψ−1 on U and P̂ = P
everywhere else. 
Observe that the action of P and of P̂ on K-rays is the same. Also,
x is a non-rotational weakly repelling fixed point of P̂ .
For any topological ray T that lands at x, call its connected subset
an end segment of T if and only if its closure contains x. Also, if subsets
X , Y of a compact topological space are such that X ⊂ Y , then we
write X ⋐ Y .
Let E ⊂W be a connected set such that E = E ∪ {x}.
Such E will be referred to as a thread. By a thread of Q we mean
a thread that is a subset of Q. Disjoint threads such that neither is
contained in a bounded complementary domain of the other are linearly
ordered with respect to R′ and R′′. Indeed, suppose that E1 and E2 are
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two such disjoint threads. By Theorem 2.14 there is a topological ray
T that separates E1 from E2 inside W ; write E1 < E2 if T separates E2
from R′ inW (equivalently, separates E1 from R
′ inW ). If E1∩E2 = ∅
then these threads are ordered and either E1 < E2, or E2 < E1. If a
thread is contained in Q (in J , etc.), we call it a thread of Q (of J ,
etc.).
By definition and since Q is a continuum, a component F of Q∩W is
a thread. Evidently, the order among components of Q∩W is inherited
by threads contained in these components. To further study dynamics
of threads we need Theorem 3.4.
Theorem 3.4 ([BOT20]). Let P : C→ C be a polynomial, and Y ⊂ J
be a P -invariant continuum such that the component of P−1(Y ) that
contains Y in fact coincides with Y and P |Y is not 1-to-1. Then P |Y is
topologically conjugate to a polynomial restricted to its connected Julia
set.
If E is a thread of Q containing no preimages of x, then its P̂ -image
P̂ (E) is a thread too (e.g., this is the case if E is sufficiently small). The
set P̂ (E) may also contain smaller threads. Let us study their location
with respect to E. Recall that threads are by definition subsets of W
even though W is omitted in the notation and terminology.
Lemma 3.5. Let E ′ and E ′′ be threads of Q such that x /∈ E ′ ∩ E ′′ 6=
∅. Then there is a bounded Fatou component V such that Bd(V ) ⊂
E ′ ∪ E ′′. Moreover, if E ′∗ ⊂ E
′ and E ′′∗ ⊂ E
′′ are disjoint threads, then
any thread E with E ′∗ < E < E
′′
∗ is a subset of V .
Proof. Define V ′ as the union of all threads E disjoint from E ′ ∪ E ′′
and such that E ′∗ < E < E
′′
∗ for some disjoint threads E
′
∗ ⊂ E
′ and
E ′′∗ ⊂ E
′′. Clearly, V ′ is open. Indeed, if E is as above, y ∈ E,
and D is a small disk around y, then E ∪ D is also a thread with
E ′∗ < E ∪D < E
′′
∗ . Fix a thread E so that E
′ < E < E ′′ and let V be
the component of V ′ that contains E. It is clear that the boundary of
V is a subset of E ′ ∪E ′′. Suppose that V is unbounded. Then a point
y ∈ E ∩ V can be connected to infinity by a path P in V . However,
then the union of P and E separates E ′ from E ′′ inW , a contradiction.
It remains to show that V is in the Fatou set. This follows from the
Maximum Modulus principle: no value of |fn| at a point of V can
exceed the maximal distance from 0 to a point of J . 
The Fatou component V from Lemma 3.5 is called the Fatou com-
ponent enclosed by E ′ and E ′′.
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Lemma 3.6. Let E0 and E1 be disjoint threads of Q such that E0 < E1
and E1 ⊂ P (E0). For any positive integer n, let En be a thread of Q
with En ⊂ P (En−1). Then all En are disjoint. Moreover, x /∈ P (En)
for all sufficiently large n.
Proof. Clearly, E ′0 < E
′
1 < · · · < E
′
n < . . . , where E
′
n is a sufficiently
small thread in En. Suppose that En ∩ Em 6= ∅ for n < m. Then,
by Lemma 3.5, there is a bounded Fatou component V enclosed by En
and Em. In this case, Tk < Tk+1, where Tk is any thread in P
k(V ∩Uk)
homeomorphic to (0, 1], and Uk is a sufficiently small neighborhood of
x. By Sullivan’s No Wandering Domains Theorem, V is eventually pe-
riodic. Hence Tk and Tk+p are contained in the same Fatou component
P k(V ), for some k and p. Connect endpoints of Tk and Tk+p with an
arc in P k(V ) disjoint from Tk ∪ Tk+1, except the endpoints. The union
of Tk, Tk+p, this arc, and the point x is a Jordan curve in K whose
interior contains En+k+1. A contradiction with En+k+1 ⊂ J .
Since P−1(x) is finite and En are disjoint, the last claim of the lemma
follows. 
Note that P̂ = P on J . In particular, P̂ k(E) = P k(E) for any thread
E of Q.
Lemma 3.7. Suppose that E is a thread of Q. Then its image P (E)
cannot contain a thread disjoint from E.
Proof. Suppose that there is a thread E1 contained in P (E) and disjoint
from E. Let E0 be a pullback of E1 that is a thread in E; in this case
E0 ∩ E1 = ∅. Assume that E0 < E1 and consider possible location of
sets En = P
n(E0); call them E-sets for brevity. By Lemma 3.6, all En
are disjoint threads of Q.
Let us consider the Hausdorff limit continuum T of En. The set
T has the following properties. Evidently, P (T ) = T . Also, x ∈ T .
All E-sets are disjoint from T as otherwise, by Lemma 3.5, points
of some E-sets will be contained in Fatou domains, a contradiction.
Since E-sets form a forward invariant collection disjoint from Th(T ), it
follows that consecutive pullbacks of T containing T form a sequence
of continua T = T0 ⊂ T−1 ⊂ . . . that are all disjoint from the union of
E-sets. Set T ′ =
⋃∞
i=0 T−i; then T
′ is disjoint from the union of E-sets
by the above.
We claim that even T ′ = Y is disjoint from the E-sets. Indeed,
otherwise all E-sets from some time on are non-disjoint from Y . As
above, then intermediate E-sets cannot be contained in J . Hence Y is
disjoint from E-sets. On the other hand, by the construction P (Y ) =
Y . If Y does not coincide with one of its pullbacks, we repeat the same
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argument (if the pullback of Y containing Y is strictly larger, then Y
must contain a critical point at which its pullback is actually growing
compared to Y ). Repeating this argument, if necessary, we will in the
end construct a continuum H such that P (H) = H and a pullback
of H containing H coincide with H . By Theorem 2.9, there exists a
P̂ -fixed rotational point z ∈ Th(H). Consider several cases.
(1) The point z is repelling, and several external rays landing at it
undergo a non-trivial combinatorial rotation under P . Observe that
this case includes parabolic points of P that become, by our construc-
tion, repelling points of P̂ . The E-sets come arbitrarily close to z and
must enter some wedges at z formed by the external rays landing at
z; moreover, we can choose a cycle (of period greater than 1) of local
wedges at z each of which contains points of E-sets. However some of
those wedges are separated from x by external rays landing at z and
forming boundaries of the wedges; since all external rays are disjoint
from E-sets, this is a contradiction.
(2) The point z is attracting. Since H ⊂ J , there is an invariant
Fatou domain U such that z ∈ U ⊂ U ⊂ H . There are infinitely
many repelling periodic points in Bd(U) with external rays landing at
them. Choose two such rays R1 and R2. There is a complementary
component of U ∪ R1 ∪ R2 not containing x. The E-sets cannot enter
this component, a contradiction.
The remaining cases when z is a Cremer or a Siegel fixed point of P
will be considered differently, depending on whether P |Th(H) is 1-to-1
or not.
(a) Suppose that P |Th(H) is 1-to-1 and bring this to a contradiction.
The point z must be a Siegel or a Cremer fixed point. Let W be a
neighborhood of Th(H) such that W contains no critical points. Then
the set of all points whose forward orbits stay forever in W contains a
component H˜ ⊃ H . By [Per94, Per97], the set H˜ is a so-called hedgehog
of z. It cannot contain fixed points other than z, a contradiction with
x ∈ H .
(b) Suppose now that P |Th(H) is not 1-to-1. Then, by Theorem
3.4, the restriction P |Th(H) is topologically conjugate to a polynomial
restricted to its connected Julia set. In particular, there are infinitely
many periodic repelling points in H . Repeating the arguments from
case (2) above, we see that this situation is impossible. Since every
possibility has been ruled out, P (E) cannot contain a thread disjoint
from E. 
This implies the following corollary.
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Corollary 3.8. If F is a component of Q ∩W then all small threads
of F map back to F . Thus, if F contains no immediate preimages
of x then P (F ) ⊂ F . In particular, there are at most finitely many
components of Q ∩W .
Proof. The first claim is immediate. It implies the second one. Since
there are at most finitely many immediate preimages of x in W , the
last claim follows. 
We can now prove Lemma 3.9 which allows us to use Theorem 2.9.
Lemma 3.9. If F is a component of Q ∩ W , then all points of F
sufficiently close to x map to F .
Proof. Suppose that y ∈ F maps to a component F ′ 6= F of Q ∩W .
By Corollary 3.8, there are preimages x′ of x that belong to F . Let
X ′ = P−1(x)∩F ; clearly, X ′ is finite. Choose a component Fy of F \X
′
that contains y. Then P (Fy) ⊂ F
′. Hence P (Fy) ⊂ F
′ ∪ x. Now, by
way of contradiction suppose that there is a sequence yi ∈ F converging
to x such that P (yi) /∈ F . Passing to a subsequence and using that, by
Corollary 3.8, there are only finitely many components of Q ∩W , we
may assume that for some component F ′ of Q∩W and for some point
x′ ∈ X ′ the sets F yi converge to a continuum B ⊂ F containing x and
x′ such that P (B) ⊂ F ′ = F ′ ∪ {x}. However this contradicts Lemma
3.7. Thus, all points of F sufficiently close to x map to F . 
We are ready to prove Theorem 3.10.
Theorem 3.10. The set Q ∩W is connected.
Proof. Let F be a component of Q∩W . Denote the union of all invari-
ant K-rays and their landing points by Σ. Let A be the component of
C \ Σ that contains points of F close to x. By Lemma 3.9, Theorem
2.9 applies to TF = P̂ (F ∩ A) and implies that F contains a rotational
fixed point of P̂ in T . By Theorem 2.5 and because of how the maps
P and P̂ relate to each other, we see that F = Q ∩W . 
Evidently, Theorem 3.10 implies Main Theorem.
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